The modified gravity is considered in the framework of the holographic dark energy. An analysis of the autonomous system, the critical points and their stability is presented. Unlike the dark energy models based on f (R), it is found that working in the holographic frame enriches the possibility of accelerated and matter type points for different cosmological scenarios, making viable trajectories of successful f (R) models that are not allowed without the consideration of the holographic framework. The implications for the Hu-Sawicki model are analyzed.
Introduction
One of the alternatives to explain the dark energy issue (for review see [1] , [2] , [3] , [4] ) is the large-distance modification of gravity, also called f (R), where the late-time acceleration of the universe is associated to the modified (compared with General Relativity) response of the geometry of space-time to the presence of matter/energy. This is achieved by changing the form of the EH lagrangian by a general function of the Ricci scalar R, represented as f (R).
This alternative has been extensively studied and several proposals of modified gravity (exponential, power law, broken power law, logarithmic, hypergeometric, hyperbolic, stepped functions, reconstructed, etc.) have been presented to explain early and late time cosmic acceleration, and a combination of both ( [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] , [23] , [24] , [25] , [26] , [27] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] , [36] ). In general, the f (R) models must fit the results of the observations [37] , [38] , [39] , [40] , [41] , [42] , [43] , [44] and also accomplish several theoretical requirements ( [45] , [46] ), and describe correctly the different evolutionary stages of the universe. Also, the viable modified gravity models implement the so called Chamaleon Mechanism ( [47] , [48] ) through which they can pass the solar system tests.
On the other hand, the holographic principle ( [49] , [50] , [51] , [52] , [53] ) was born motivated by the theoretical developments on quantum mechanics of black holes, and as an alternative to build a quantum theory of gravity. The energy coming from this principle (holographic energy density [54] ) can be taken as a source of a non-constant vacuum energy. Karami and Khaledian [55] , and Majumder [56] proposed the reconstruction of several f (R) models having as source of them the energy coming from the holographic and agegraphic principle. Rezaei et. al [57] presented several power law models of DE that include powers of the Hubble parameter and its first derivative (including the holographic IR cut-off proposed by Granda and Oliveros [58] ), and studied the behavior of H(z) and the EoS for each one. The ΛCDM model (or concordance model) is the one that better describes the behavior of the universe since the radiation era to the present. However, it presents the problem of fine tuning and the presence of a constant vacuum energy density whose origin is not clear. In this way, the source (or sources) of dark energy (DE) that dominates the current universe (about 72%) has not been yet identified, giving place to theoretical proposals describing the origin and behavior of this sector.
In this paper we suggest the possibility that the dark energy has two sources, one associated to f (R) modified gravity and the other coming from a holographic energy density. The holographic principle by itself has universal character and, up to now, there has not been any observational or theoretical development that demonstrates the unfeasibility of the holographic principle. An argument in favor of considering these two sources, is that while f (R) is motivated by the possibility that General Relativity does not provide the correct description of gravity at cosmological scales, the holographic principle is motivated by a very different problem. In fact, the holographic principle was proposed as a possibility to address the microscopic nature of gravity (or equivalently the quantum nature of vacuum). Also, because the theoretical developments on black hole quantum mechanics and thermodynamics, and the AdS/CFT correspondence, the holographic principle has been gaining ground as a fundamental piece to understand the nature of the universe. Though the holographic principle implies a unification of gravity, matter and quantum mechanics, as long as there is no theory of quantum gravity, it is valid to assume that the theory of quantum gravity may imply a, yet unknown, geometrical modification of the standard gravitation model. Therefore, a holographic principle does not enter in conflict with modified gravity, but rather from the perspective of quantum gravity they could complement each other. Then if some modified gravity model is the correct one for the description of gravitational phenomena at local and cosmological scales, them the holographic principle does not disappear but must be constructed within the framework of such theory. On the other hand, not because dark energy has two sources the universe becomes more phantom, on the contrary, as will be shown by the results below, with the inclusion of the holographic source the behavior of the equation of state improves, covering more regions with viable values than in the standard f (R), and being consistent with current observations. We consider the holographic density proposed in [58] in the framework of modified gravity, where a coupling appears to the field F ρ Λ = 3F The characteristics of the autonomous system associated to the proposal are studied, and the critical points are described. It is possible to see that in the m vs. r plane, three of these critical points change their stability characteristics compared to those associated to DE coming from f (R). As can be seen in [46] , there is a de Sitter point located at r = −2 that is stable in the interval 0 < m < 1. In the holographic frame, this point is located at any value of r depending on the value of α (α = −1) and becomes stable for a wider range of values of m. In [46] , there is an accelerated type point that has several characteristics: is de Sitter type (with marginal stability) for m = 1, quintessence for m < − This paper is organized as follows: In section II the general field equations for f (R) models including holographic vacuum energy are written. In section III the autonomous system is presented and the corresponding critical points are found and the stability conditions for some interesting critical points are obtained. In section IV we compare the results of Amendola et al. [46] with the results of the present proposal, and apply the results to two trajectories of the Hu and Sawicki's modified gravity model. In section V some discussion is presented.
Field equations
The modified gravity formalism is based on the Lagrangian and field equations of general function of curvature f (R) and its results must respect the restrictions set by local and large scale observations where the Einstein's theory and ΛCDM give, so far, the most appropriate description.
The general action for f (R) models is
where the space-time is four dimensional, any Greek index runs from 0 to 3, where 0 corresponds to the time dimension, and 1, 2 and 3 to the spatial ones; κ 2 is the gravitational constant (κ 2 = 8πG), g is the determinant of the metric g µν , and L m is the lagrangian density for the matter sector that can be baryonic, dark matter, or any kind of exotic type of matter/energy.
By varying the action with respect to the metric g µν , we find the field equations
where ≡ ∇ σ ∇ σ is the covariant d'Alembertian operator, and
is the energy -momentum tensor for the matter sector.
The equation (2.2) can also be written as:
where the last one term at right can be associated to the effective energy-momentum
tensor coming from f (R). The trace equation reads
By using the F LRW metric, assuming a vanishing spatial curvature K (which is supported by current observations) and taking the usual form of the energy-momentum tensor for a perfect fluid, the time and space-like components of the field equations are respectively
where a dot over a quantity means derivative respect to time,˙a a ≡ H is the Hub- 
Taking into account the holographic principle, the density ρ and pressure p in equations(2.5) and (2.6) include the corresponding holographic density ρ Λ and holographic pressure p Λ , and these equations can be rewritten as 
which, defining the dynamical variables
takes the form
As can be seen, the dynamical variables and the holographic parameters α and β allow to write the DE density parameter coming from f (R) and ρ Λ as:
where Ω f ≡ x + y + z and Ω Λ ≡ α + βḢ H 2 .
Autonomous system and critical points
After some algebra and defining the parameter m ≡ RF F = dLnF dLnR , it is possible to find the equations for the critical points
where N is the e-folding variable defined as N ≡ Ln a.
The critical points of this system ((x c , y c , z c )) can be found by equating to zero the above equations.
The matter content of the universe can be found from (2.15) as
On the other hand, replacing equation (2.8) in (2.9) acceleration equation becomes
whereρ =ρ m +ρ f +r ho Λ and the EoS is given by
, being z the dynamical variable already defined.
Then, the critical points of the model with the respective values of Ω m and w ef f are
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In some interesting critical points we calculate the eigenvalues of the matrix that transforms the system from an unperturbed to a perturbed state of DE coming from f (R). The value and sign of these eigenvalues determine the evolution of perturbations (at first order) made on the modified sector
As can be seen, P 1 is a de Sitter type point whose corresponding eigenvalues are:
Defining the parameter r ≡ − RF f = z y , it is possible to see that in P 1 , r = − 2 1+α , and the stability in this point is achieved if m < −1 and α < 1−m 1+m and 13) or −1 < m < 0 and α > 1−m 1+m and 14) or m > 0 and α < 1−m 1+m and
otherwise it is repulsive (unstable) or transitory (saddle) point.
Another point that can lead to accelerated scenarios is P 6 . As can be seen, this point can be of Quintessence, de Sitter or Phantom nature depending on the values of m, α and β (w ef f P 6 depends on these parameters). Its eigenvalues are EV P 6 : Its eigenvalues are: Comparison and Analysis of results.
The critical points P 1 , P 6 and P 5 , and their respective eigenvalues out of the holographic frame (just with f (R) as source of DE) [46] are:
, Ω mP 6 = 0 , w ef fP 6 = 2−5m−6m 2 3m(1+2m) .
, The eigenvalues in P 6 for the de Sitter solution with α = 1−m 1+m are:
EV P 6 (deSitter) : 0 , −5 the second and third eigenvalues are negative so the general de Sitter solution is marginally stable and eventually can lead to de Sitter attractors.
If the dark energy sector is associated only to f (R), the shape of the EoS vs. m for P 6 is shown in Fig. 1 .
But if it is viewed in the framework of the holographic principle, it takes the form shown in Fig. 2 for α = 1 3 and β = 1 2 and in Fig. 3 for α = 3 and β = 1. As can be seen from Fig. 2 and 3 with m < −1 and −∞ < w ef f P 6 < −1 to the de Sitter attractor P 1 with r = − 1 2 and − 1 2 < m < 0 which is not possible with dark energy coming just from f (R). On the other hand, for the matter point P 5 it is possible to see that if m → 0, w ef f P 5 → 0, but Ω m P 5 → 2−2α+3β 2 , so in the holographic frame the matter content of P 5 depends on the holographic parameters α and β.
In the limit m → 0, the eigenvalues ofP 5 (without ρ Λ ) are:
In this case, the second and third eigenvalues diverge as m → 0 − , one of them is negative and the other one positive. The positive divergence avoids the system to remain enough time in the matter dominated epoch so structure formation in the universe is difficult to take place except for a very narrow range of initial conditions.
An approximated matter era can be achieved if m < 0 (m 0, but close to zero), but the eigenvalues are large and it is difficult to find initial conditions to remain close to For these reasons, the inclusion of the holographic vacuum energy ρ Λ allows to cross P 5 with m → 0 ± which does not happen when the dark energy sector comes only from f (R) [46] . For P 5 with m → 0, different matter dominated eras can be achieved: and m =
. The eigenvalues in this point are −∞, −3.76 and −9.27 so it is a lightly phantom attractor point. This behaviour is not possible with dark energy coming just from f (R) because in that case when m → 0 − the trajectories toP 5 are not allowed, and w ef fP 6 = −1.1 (as a limit of the current accelerated universe) is not reached.
Discussion
Under the assumption that modified gravity is not incompatible with the holographic principle, but rather may complement each other in the seek for the underlying theory of quantum gravity, we propose the study of modified gravity in the framework of the 
